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First-passage theory of exciton population loss in single-walled carbon nanotubes
reveals micron-scale intrinsic diffusion lengths
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One-dimensional crystals have long range translational invariance which manifests as long exciton
diffusion lengths, but such intrinsic properties are often obscured by environmental perturbations.
We use a first-passage approach to model single-walled carbon nanotube (SWCNT) exciton dy-
namics (including exciton-exciton annihilation and end effects) and compare it to results from both
continuous-wave and multi-pulse ultrafast excitation experiments to extract intrinsic SWCNT prop-
erties. Excitons in suspended SWCNTs experience macroscopic diffusion lengths, on the order of
the SWCNT length, (1.3-4.7 µm) in sharp contrast to encapsulated samples. For these pristine
samples, our model reveals intrinsic lifetimes (350-750 ps), diffusion constants (130-350 cm2/s), and
absorption cross-sections (2.1-3.6 ×10−17 cm2/atom) among the highest previously reported.
PACS numbers: 78.67.Ch, 71.35.-y, 78.47.jc, 78.55.Kz
Semiconductor nanoscience has rapidly expanded since
material engineering enabled control of the dimensional-
ity, with two dimensional (quantum well), one dimen-
sional (quantum wire), and zero dimensional (quantum
dot) systems now readily producible. These nanosystems
have been particularly useful for optical applications due
to their customizable electronic properties and, in con-
trast to bulk semiconductors, the electronic density of
states (DOS) at the bandgap is non-zero. In the case
of quantum wires, the one-dimensional quantum confine-
ment leads to Van Hove singularities, which are diver-
gences in the DOS at the bandgap. An example of a
nearly ideal quantum wire is the single-walled carbon
nanotube (SWCNT), which is a rolled graphene sheet
with radial quantum confinement and translation invari-
ance along the SWCNT axis. The one-dimensionality of
carriers in SWCNTs results in a strong Coulomb inter-
action which binds the electron-hole pair into an exciton
with a binding energy approximately one third of the
single particle bandgap1,2.
For many SWCNT samples, the exciton lifetime is
dominated by end quenching, defects/adsorbates, and,
when highly excited, interactions between excitons.
These decay mechanisms are all strongly dependent on
exciton transport, which is often modeled as diffusive,
with an effective diffusion length determined by the
sample quality3,4. The high likelihood of spatial over-
lap between diffusing excitons results in efficient Auger-
like exciton-exciton annihilation (EEA) which limits the
maximum exciton density well below the predictions of
phase-space filling5. In addition to EEA, diffusion also
allows quenching of excitons at the ends and defect
sites, severely limiting the quantum efficiency for many
samples. Interestingly, both diffusion driven end/defect
quenching and EEA enable many realized and poten-
tial photonic applications6. At low exciton densities,
the stochastic fluctuations of the optical emission inten-
sity due to the adsorption and desorption of fluorescence
quenchers has led to single molecule counting arrays and
biological sensors7–9. At high exciton densities, the rapid
relaxation of excitons due to EEAmay give rise to photon
anti-bunching, showing promise for single-photon sources
with selectable wavelengths from optical into the telecom
band10.
Since a SWCNT is all surface, it is particularly sensi-
tive to environmental perturbations, such as adsorbates.
For this reason, the underlying one-dimensional transla-
tion symmetry of the nanostructure can be obscured and
many of the intrinsic SWCNT properties are still elu-
sive. For this reason, results from recent experimental
studies vary by orders of magnitude, for example opti-
cal absorptions (0.02 - 2.5 × 10−17 cm2/atom)11–13, life-
times (3 - 350 ps)14,15, and diffusion constants (0.1-300
cm2/s)15,16. Such results provide little constraint on the
exciton diffusion range, placing it somewhere between
the carbon inter-atomic spacing to the typical SWCNT
length. The correct estimation of an “upper bound”
for the diffusion length is interesting as both a funda-
mental science question as well as from an applications
point of view. If intrinsic diffusion lengths correspond
to SWCNT length, exciton dynamics would be strongly
affected by nonlinear effects (EEA) even at low exciton
numbers. Experimental results for suspended SWCNTs
show exciton interactions at very low densities, making
current (thermodynamic limit) diffusion models invalid
and calling into question our basic understanding of ex-
citon dynamics.17–20
While there has been much work on the diffusion of
excitons in SWCNTs, it has relied primarily on solutions
to the standard differential diffusion equation21–24. This
approach is “valid only if we ignore effects which happen
in time intervals of the order of [the scattering time] and
space intervals of the order of [the mean free path]”25,
and begins to break down for pristine SWCNTs, when
the scattering time becomes long and the diffusivity be-
comes high. In addition, steady state solutions are often
used, which are inappropriate for use in pulsed excitation
experiments. An alternate approach to calculate popu-
2lation loss is first-passage theory including an absorbing
boundary26–29, which we will show, has the advantage of
easily incorporating EEA even at low densities.
In this article we develop an analytic model using a
first-passage approach of the exciton survival probabil-
ities, including end quenching and EEA. An important
feature of our model, is the finite line segment pairwise
distribution function (instead of the ring pairwise distri-
bution function used in previous work), making the non-
linear interactions valid below the thermodynamic limit.
We use the analytic model to extract intrinsic SWCNT
properties from both continuous-wave (CW) and pulsed
ultrafast photoluminescence (PL) experiments on indi-
vidual suspended SWCNTs. Monte Carlo simulations
are used to verify the model for typical SWCNT pa-
rameters and a range of injected exciton densities. We
find strong evidence to support the assertion that unpro-
cessed suspended SWCNTs are the most “pristine” of
any sample; they exhibit long intrinsic diffusion lengths,
indicative of the expected long range translational in-
variance of the underlying structure. We extract exciton
diffusion lengths of several microns, on the order of the
SWCNT length, which arises from the long intrinsic life-
times (350-750 ps) and high mobilities (130 - 350 cm2/s)
of these samples. We also show that suspended SWCNTs
exhibit the highest optical absorptions (2.1-3.6 ×10−17
cm2/atom) of any sample, approximately 5 times larger
than graphene.
A key input to this analysis are experimental results
from two different types of studies: PL dependence on
SWCNT length in the low fluence regime and PL de-
pendence on pulse delay for ultrafast excitation (∼ 150
fs). For the former, model fits to the population loss to
the SWCNT ends (as a function of suspended SWCNT
length) allows extraction of the intrinsic exciton diffu-
sion length. In contrast, application of the model to
ultrafast double-pulse excitation (i.e., femtosecond ex-
citation correlation spectroscopy (FEC)18,30) allows ex-
traction of the intrinsic lifetime (τ) and the diffusivity
(DX), which is used to calculate the intrinsic diffusion
length LD =
√
DXτ . Using the extracted exciton diffu-
sion lengths, we are able to use PL saturation from sin-
gle pulse excitation experiments to determine the optical
absorption cross-section (σab). All experimental studies
use similar samples: single suspended SWCNTs grown by
chemical vapor deposition on lithographically patterned
silicon dioxide on silicon wafers. During experimenta-
tion, samples are in air, dry N2, or in vacuum (∼ 10−6
mbar). PL excitation spectroscopy and high resolution
PL mapping of candidate SWCNT allows determination
of species, quality, length, and orientation to ensure study
of pristine SWCNTs.
The analytic model determines the time-dependent ex-
citon survival probability including the three main decay
processes, linear decay, decay due to EEA, and decay due
to end quenching, as characterized by their respective
survival probabilities: PΓ(t), PEEA(N0, t) and PEND(t),
where N0 is the initial exciton number. Calculation of
the total survival probability, PTOT(N0, t) = PΓ(t) ×
PEEA(N0, t)× PEND(t), allows the quantum efficiency to
be determined from ηQE = ΓR
∫
∞
0
PTOT(N0, t)dt, where
ΓR is the radiative decay rate
30. Monte Carlo numerical
simulations are used to verify this model.
It is useful to identify the intrinsic quantum efficiency
of a SWCNT, i.e., total photons emitted divided by pho-
tons absorbed in the regime where end effects and EEA
are negligible (PEND × PEEA → 1) and survival prob-
ability is dominated by linear decay: PΓ(t) = e
−Γt,
with Γ = ΓR + ΓNR, where ΓR and ΓNR are radiative
and non-radiative decay respectively. For this paper the
intrinsic lifetime is defined from this relationship with
τ = 1/Γ. The intrinsic non-radiative decay is predicted
to be dominated by multiphonon decay and phonon-
assisted indirect exciton ionization31. In this limit, ex-
citon population follows a standard mono-exponential32,
PTOT(t) = e
−Γt, so intrinsic quantum efficiency can be
written as η0 = ΓR/Γ.
Experimental results showing that the PL action cross-
section (σab × ηQE) strongly depends on the SWCNT
length imply that end quenching must be explicitly in-
cluded as a decay channel even in micron long SWC-
NTs under tightly focused excitation conditions19. The
diffusion-quenching process can be modeled using the
first passage time of a Brownian motion33. In this us-
age the probability that a diffusive particle has not been
quenched by a site, at an initial distance x, after time
t is P (x, t) = erf(x/2
√
DXt). Therefore, the probabil-
ity that an exciton, generated at a random location x
on a SWCNT of length L, survives end quenching is
P (L/2+x, t)×P (L/2−x, t). The injected position prob-
ability scales with the intensity profile so that the mean
probability of an exciton surviving end quenching is
PEND =
L/2∫
−L/2
g(x)P (L/2 + x, t)P (L/2− x, t)dx
L/2∫
−L/2
g(x)dx
(1)
where g(x) is the spatial weighting function of exciton
injection determined by the intensity profile of the ex-
citation source. In the case of homogeneous excitation,
PEND can be solved analytically,
PEND(τD, t) =
[
erf
(
1
2
√
τD
2t
)]2
−
√
32t
piτD
×
[
1√
2
erf
(√
τD
4t
)
− erf
(√
τD
8t
)
e−
τD
8t
]
(2)
revealing that the decay dynamics for a given SWCNT
depends only on the “diffusional time”, τD = L
2/DX .
While this solution is for two mobile quenching sites29,
it works better in the parameter space of interest than
the solution for fixed quenching sites which is accurate
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FIG. 1. Model prediction of PL dependence on SWCNT
length in the linear regime (PEEA = 1) for excitons with a 1.3
µm diffusion length, excited with a Gaussian beam (σ = 520
nm), blue squares show Monte Carlo simulations. [INSET]
Detail of model results with experimental data (red circles)
collected by Moritsubo et al.19.
for t >> τD. Alternatively, for comparison with SWCNT
vs length studies, instead of the diffusional time a unit-
less parameter ζ = L/LD and the intrinsic lifetime, τ ,
can be used. This formulation is useful not only in un-
derstanding the PL vs SWCNT length trends but, as
we will show, also accurately predicts population decay
dynamics without the need of a phenomenological bi-
exponential model34.
Previous work by Moritsubo et al. 19 showed increas-
ing PL as a function of suspended segment length, excited
with a centered Gaussian beam, σ = 520 nm. To fit these
experimental results, the quantum efficiency is calculated
with PTOT(t) = PΓ(t)×PEND(t) (since with low intensity
CW excitation, EEA is negligible). The exciton injection
probability depends on the SWCNT length and excita-
tion intensity profile: Pinj =
∫ L/2
−L/2 g(x)dx/
∫
∞
−∞
g(x)dx,
so the total PL is ∝ Pinj × ηQE . The experimental data
is then fit with the intrinsic diffusion length and a y-
scaling parameter, the latter could be avoided if data in-
cluded longer SWCNT segments. For the best fit (Figure
1 (INSET)), the extracted mean intrinsic exciton diffu-
sion length is ∼ 1.3 µm, significantly longer than the ef-
fective diffusion length found previously19 but consistent
with recent predictions35. The difference in the extracted
diffusion length is believed to result from a limitation of
the differential equation approach, which “does not ac-
count for the spatial and LD dependence of τ”
19. PL
emission continues to increase even for SWCNTs much
longer than ∼ 1.3 µm as shown in Figure 1. End quench-
ing is more effective than expected from a naive estimate
based on diffusion length relative to SWCNT length, due
to the high recurrence rates of diffusion in 1D systems.
To model the saturation of PL under ultrafast
excitation18, we need to move beyond the linear regime
and include exciton-exciton effects (i.e., EEA). The rela-
tive diffusion constant of two diffusing particles is simply
2DX . Therefore the probability that an exciton pair,
initially separated by a distance LX , has not undergone
EEA is erf(LX/2
√
2DXt). The EEA survival probability
is thus highly dependent on the initial pair separation LX
which is defined by the geometry. Here we use a finite
line segment with the linear pair distribution function36,
f(LX , N0) = L
N0 (L− LX)N0−1 /N0, instead of the pre-
viously used ring geometry. The probability that a single
exciton pair survives annihilation after time t is then,
P
′
EEA =
L∫
0
f(LX , N0)erf
(
LX
2
√
2DXt
)
dLX (3)
This is appropriate for both high and low exciton den-
sities, in contrast to a ring geometry which is only valid
in the thermodynamic limit37. To find the total ex-
citon population given N0 injected excitons we write,
N(t) = 1+ (N0− 1)P ′EEA. The total probability an exci-
ton will survive is N(t)/N0, which has the solution,
PEEA =
1
N0
[
1 +
N0 − 1
N0 + 1
√
τD
2pit
×
F
([
1
2
, 1
]
,
[
1 +
N0
2
,
3
2
+
N0
2
]
,−τD
8t
)] (4)
where F(n,d,z) is the generalized hypergeometric func-
tion. This shows a very convenient result: similar to the
linear regime, the survival probability only depends on
τD.
Total survival probability was assumed to be PTOT =
PΓ × PEEA × PEND, which is exactly correct only when
the survival probabilities from the different decay chan-
nels are independent. For typical SWCNT lengths and
diffusivities, this approximation is verified by comparison
by Monte Carlo simulations: PL and population dynam-
ics agree to a few percent over the parameter range of
interest(e.g. Figure 2 INSET).
As observed experimentally19, we show that for typ-
ical SWCNTs (τD= 0.1 - 10 ns) the effective quantum
efficiency can be drastically lower than the intrinsic quan-
tum efficiency due to end quenching. Additionally, the
linear one dimensional geometry of the SWCNT results
in the quantum efficiency being significantly reduced by
EEA, even for low exciton injection numbers as shown in
Figure 2. Previous work that assumed a ring geometry
underestimated this effect for low exciton numbers since
excitons are more likely to be injected closer to each other
on a line segment than on a ring.
When the injected exciton number is high, the EEA
pathway dominates and a saturation of the PL occurs, as
seen in Figure 3 a). In FEC, this saturation is exploited
to extract the intrinsic lifetimes. Two pump pulses, sep-
arated by a variable delay time (τx), each excite the
SWCNT into the saturation regime. The longer the delay
between pulses, the greater the total PL emitted. This
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FIG. 2. Effective SWCNT quantum efficiency for N injected
excitons (using a linear pair distribution function), for SWC-
NTs over a range of diffusional times, τD = L
2/DX and the
unitless parameter, ζ =
√
τD/τ = L/LD with τ = 300 ps.
[INSET] Effective quantum efficiency for increasing injected
exciton number(τD = 10 ns, corresponding to red dashed
line in main figure) compared to Monte Carlo simulation re-
sults(red circles).
characteristic FEC signal can be fit using,
PLFEC(τx) =
τx∫
0
P (t)dt +
∞∫
0
P(t)dt
2
∞∫
0
P (t)dt
(5)
where P (t) = PTOT contains the extractable parameters,
DX and Γ, and is independent ofN0 provided the pump is
in the saturation regime. An example is shown in Figure
3 (b), of a 4.6 µm (9,8) SWCNT, which has an intrinsic
lifetime of 350 ps and a diffusivity of 180 cm2/s, this very
high diffusivity is consistent with recent observations15.
It should be noted that this model has significantly bet-
ter agreement than the standard mono-exponential decay
(Figure 3 (b)) and does not require the additionally free
parameters of a phenomenological bi-exponential decay
model34. Seven SWCNTs were studied and both the in-
trinsic lifetimes (350-750 ps) and diffusivities (130 - 350
cm2/s) are among the highest of any SWCNT sample.
The corresponding diffusion lengths (2.4− 4.7µm) are on
the same order as the CW PL vs length study in the
linear regime done above, ∼ 1.3 µm. This higher dif-
fusion length for ultrafast experiments could be due to
the higher energy of non-thermalized excitons undergo-
ing EEA in the many exciton regime. It should be noted
that in both cases we are quantifying the intrinsic diffu-
sion length, which one would expect to observe on a pris-
tine infinitely long SWCNT. Since the SWCNT length is
often shorter than the intrinsic diffusion length, the ef-
fective diffusion length may be significantly shorter due
to the shorter effective lifetime caused by end quenching.
Lastly, we are able to apply the analytic model de-
veloped here to both explain previous observations that
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FIG. 3. (a) PL for increasing initial exciton number with
[INSET] corresponding exciton population dynamics. Each
exciton survival probability curve in the inset corresponds
to a point on the main figure. Purely linear decay (dashed
line) noted for comparison. (b) FEC data (black circles)18
fit with mono-exponential decay (blue dashed curve) and dif-
fusion model (red solid curve), and (bottom) corresponding
residues. (c) Calculated PL for a typical encapsulated (red
dashed curve) and air-suspended SWCNT (black solid curve)
with saturation points as defined in text. (d) Experimentally
measured PL for a 4.6 µm (9,8) air-suspended SWCNT (black
circles) and best fit (red curve).
pristine SWCNTs saturate at surprisingly low incident
fluence, as well as exploit the nonlinear photolumines-
cence signal to extract the single SWCNT optical ab-
sorption. Even if the linear PL action cross-section
(ηQE × σab) is well quantified, it is challenging to de-
couple optical absorption from quantum efficiency. This
is a standard problem in nanostructure science. With
fluences sufficiently high to cause EEA, the optical ab-
sorption cross-section can be extracted since it is directly
linked to injected exciton number through the fluence,
N = Nc × σab × Fluence, where Nc is the number of
carbon atoms in the SWCNT. Several experiments have
observed that SWCNT PL saturates with increasing ex-
citation fluence, but the saturation fluence between sam-
ples is orders of magnitude different17,18. To verify dif-
fusion as the main mechanism for exciton transport, this
discrepancy must be reasonably accounted for given the
variations between samples. We simulate the PL satura-
tion observed in PL studies using typical parameters for
SWCNT samples for suspended and encapsulated bulk
samples (Figure 3 (c) where PL = N0 × ηQE). For en-
capsulated samples, a length of 610 nm, a diffusivity of
4 cm2/s, and a relaxation rate of 50 ns−1 (equivalent to
5a 90 nm diffusion length) are used. The corresponding
parameters used for air-suspended samples are: 4.6 µm,
180 cm2/s, and 2.9 ns−1, which is are the parameters of
one of the suspended SWCNTs studied. To quantify the
saturation density for comparison purposes, we define the
saturation point (Nsat) as shown in (Figure 3 (c), with
a simple model where PL(N0) ∝ 1 − exp(−N0/Nsat).
Figure 3 (c) shows an order of magnitude difference in
the exciton density at saturation. An even larger ratio
would be expected from the use of inhomogeneous exci-
tation and randomly orientated SWCNTs as is often the
case for ensemble studies of encapsulated SWCNTs38.
To extract the absorption cross-section, the diffusiv-
ity and decay rate are found for each SWCNT using
FEC, and the length is found using PL spatial mapping.
Figure 3 (d) shows a fit of the experimental data for a
single 4.6 µm (9,8) air-suspended SWCNT (from Xiao
et al. 18 ); the extracted absorption cross-section is σab =
2.8 ± 0.1 ×10−17 cm2/atom, which is consistent with the
highest reported value for SWCNTs12,13. The SWCNTs
studied had quantum efficiencies from 5-11 % and ab-
sorption cross-sections from 2.1-3.7 × 10−17 cm2/atom.
This is about five times higher than graphene (∼ 0.6 ×
10−17 cm2/atom39) consistent with an enhanced oscilla-
tor strength arising from the reduced dimensionality of
the SWCNT.While the absorption cross-section is a stan-
dard parameter in literature, it may be more useful to
state the frequency-integrated absorption cross-section40,
σ0 =
∫
∞
0
σ(ω)dω. It should be noted that the E22 ab-
sorption linewidth for these samples is narrow (FWHM
= 44 meV) compared to ensemble samples, and the exci-
tation light is pulsed (FWHM = 18 meV) and polarized
parallel to the SWCNT for maximum coupling. Under
these conditions σ0 = 0.0016− 0.0028 cm2/s·atom.
By formulating exciton population dynamics, we are
able to properly capture the length dependence of end
quenching and EEA, as verified by Monte Carlo simula-
tions. From this formulation, we have a robust method of
extracting the optical absorption cross-section, intrinsic
lifetime, and diffusivity for SWCNTs using PL satura-
tion and FEC experiments, even for a single SWCNT.
We observe that air-suspended SWCNTs are “pristine”
with the highest optical absorption of any sample and ex-
tremely long intrinsic diffusion length, spanning several
microns. This gives credibility to EEA enabled single
photon sources with selectable frequency in the telecom
band. Lastly, knowledge of a sample’s intrinsic proper-
ties will allow for engineering of optoelectronic properties
such as length or diffusivity to maximize the quantum ef-
ficiency (for optical emission applications) or decay rate
(for applications requiring ultrafast relaxation such as
saturable absorbers).
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